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We theoretically analyze the phase sensi-
tivity of the Induced-Coherence (Mandel-
Type) Interferometer, including the case
where the sensitivity is “boosted” into the
bright input regime with coherent-light
seeding. We find scaling which reaches be-
low the shot noise limit, even when seed-
ing the spatial mode which does not in-
teract with the sample – or when seed-
ing the undetected mode. It is a hybrid
of a linear and a non-linear (Yurke-Type)
interferometer, and aside from the super-
sensitivity, is distinguished from other sys-
tems by “preferring” an imbalance in the
gains of the two non-linearities (with the
second gain being optimal at low values),
and non-monotonic behavior of the sensi-
tivity as a function of the gain of the sec-
ond non-linearity. Furthermore, the setup
allows use of subtracted intensity measure-
ments, instead of direct (additive) or ho-
modyne measurements – a significant prac-
tical advantage. Bright, super-sensitive
phase estimation of an object with differ-
ent light fields for interaction and detec-
tion is possible, with various potential ap-
plications, especially in cases where the
sample may be sensitive to light, or is most
interesting in frequency domains outside
what is easily detected, or when desiring
bright-light phase estimation with sensi-
tive/delicate detectors. We use an anal-
ysis in terms of general squeezing and dis-
cover that super-sensitivity occurs only in
this case – that is, the effect is not present
with the spontaneous-parametric-down-
conversion approximation, which many
previous analyses and experiments have fo-
cused on.
1 Introduction
The ability to make precision measurements is
paramount in science. It is also usually desirable
to affect the system under study as little as pos-
sible.
Classical interferometry, as typified by the
Mach-Zehnder interferometer [1, 2], splits light
into two modes – one of which then interacts
with the object to be measured – before they
are recombined. The resulting interference pat-
tern then provides phase information about the
sample. The Mach-Zehnder interferometer (MZI)
and its numerous variants typically rely on clas-
sical light to make measurements. However, this
implies that the minimal detectable phase shift
is never below the shot noise (or “standard quan-
tum”) limit of ∆φ2min = 1/〈Ncoh〉, where ∆φmin
is the minimum detectable phase shift and Ncoh
is the average number of photons in the classical
(coherent) field. Also, these systems most often
use optical-frequency light as this regime is where
the best detectors and optics are available. Detec-
tion in other domains is problematic – especially
in the terahertz.
Mitigating the limitations of shot noise is a
vigorously-pursued avenue of research starting
with the landmark paper of Carlton Caves [3]
where it was shown that so-called “squeezed vac-
uum” light could reduce the minimum detectable
phase shift below the shot noise limit (SNL) in
a MZI, when injected into the “empty” port of
the device – the reason being that, unlike “nor-
mal” vacuum, squeezed vacuum carries phase in-
formation. This approach has even been recently
applied to GEOS – a gravitational-wave detector
[4].
Another avenue of research involves replacing
the beam splitters of the MZI with nonlinear me-
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Figure 1: Quadrature diagram in which several
quantum-optical states are living. Vacuum states
(grey) have no phase information (they are rotationally-
symmetric and do not change as phase evolves). Coher-
ent (or displaced vacuum – red) contain phase informa-
tion proportionate to their displacement from the origin.
That is, we can distinguish coherent states when the an-
gle between them is ∆φC , which increases as intensity
increases and states are displaced further. These are the
states that traditional MZIs use. Squeezed states (blue)
change their orientation as the phase evolves due to the
asymmetry introduced by the squeezing. These are the
states that are used in the Caves setup and in the origi-
nal (unseeded) Yurke interferometer. Coherently-seeded
non-linear interferometers provide the greatest potential
advantage as they utilize squeezed coherent states (pur-
ple), which can be distinguished when the angle between
them is ∆φSC . This angle is smaller since the states are
displaced in the same way as the coherent states, but
they are narrower in the phase direction.
dia (β-Barrium Borate, etc.) These “non-linear”
or “entangled” interferometers (see Refs.[5], and
[6] and references therein) can push the sensitiv-
ity limit down to ∆φ2min = 1/〈Nnl〉(〈Nnl〉 + 2),
where Nnl is the average number of photons
produced by the nonlinearties. Note that pho-
ton production by a two-mode squeezing non-
linearity goes as 〈Nˆnl〉 = 2 sinh2(r). This shows a
large improvement in scaling over the Michelson
interferometer and was first discovered by Yurke,
McCall, and Klauder. [7]. Hereafter we refer to
this as a “Yurke-Type” interferometer. However
the fact that photon numbers are low is a hin-
drance.
The physical mechanism for these phase im-
provements is illustrated in Figure 1, where we
show various states in quadrature space. Quadra-
ture space is defined in terms of the p and q
quadratures of the EM field as described in quan-
tum optics. Light fields are defined both by the
position in this space and by the variance. These
diagrams can be thought of as a slice through the
Wigner distribution.
The sensitivity can be pushed farther by seed-
ing the modes of the original nonlinear media
with coherent light [8], which has been further
theoretically investigated [9, 10, 11, 12, 13, 14, 15]
and implemented experimentally [16, 17, 18, 19,
20, 21, 22] including several variations – account-
ing for loss and other experimental imperfec-
tions. Unlike the MZI the Yurke-type interfer-
ometers need not produce light modes of the
same frequency. Indeed it can be stretched as
far as to have one mode be optical light, and
the other an atomic spin wave [22]. The re-
sult is a new minimal detectable phase shift of
∆φ2min = 1/〈Nnl〉〈Ncoh〉(〈Nnl〉+ 2), where Ncoh is
now light from the seeded inputs.
Several other interesting variants have recently
been proposed, such as so-called “Pumped-up”
SU(1,1) interferometry where the pump beam
is also utilized during measurement [23], and a
scheme where an SU(2) interferometer is nested
inside of an SU(1,1) [24]. Another recently paper
has studied the use of optical parametric ampli-
fiers placed into the individual arms of an MCI
[25]. All three of these schemes have yielded
promising initial results.
We propose a new variation on this successful
setup based on the phenomenon of “induced co-
herence”, an effect first discovered by Zou, Wang,
and Mandel [26] (hereafter a “Mandel-Type” in-
terferometer) and brought to recent prominence
with the imaging experiment of Lemos et al.
which created phase images of an object in a
light field which had never interacted with the
object [27, 28]. In these experiments one mode
(say, the signal) of the first non-linearity is seeded
into the same mode of the second non-linearity,
which induces coherence between the idler modes.
Phase information of an object in the shared sig-
nal mode is imprinted on the idler mode which
is then mixed with the same mode from the
first non-linearity on a standard beam splitter.
This experiment can be thought of a type of
quantum eraser (Ref.[29] and references therein)
where welcher-weg (which-path, or perhaps more
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accurately “which non-linearity”) information is
erased by the alignment of the signal modes of
the two non-linearities in conjunction with the
beam splitter which mixes the idler modes. In
other words, after the second non-linearity infor-
mation could in-principle be obtained by seeing
which idler mode contained light, but after the
beam splitter this information is erased. Then
the light field that passes through the sample is
discarded. See Figure.2. This constitutes a type
of hybrid interferometer described by neither the
SU(2) formalism (standard MZI and variants),
nor the SU(1,1) formalism (Yurke-Type interfer-
ometers).
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Figure 2: The boosted Mandel-type setup. Two modes
(operated on by aˆin and bˆin, for the signal and first idler,
respectively) are inputs into the first non-linearity (NL1
with squeezing parameter r1) which is pumped with a
laser which is also phase-locked to the pump of the sec-
ond non-linearity (NL2 with squeezing parameter r2).
The inputs to the second non-linearity are the shared
signal and second idler modes (operated on by cˆin). Be-
tween NL1 and NL2 the signal mode interacts with an
optical phase (ϕ), and after NL2 the mode is discarded.
The idler modes are then mixed on a 50:50 beamsplit-
ter, erasing the “which-nonlinearity” information before
detection at Db and Dc. (Note that we use the opposite
convention for signal/idler from Ref.[27].) Though any
of the three input modes could be boosted (seeded) with
coherent light we examine coherent-light-injection into
the first idler mode (|β〉), as this is light which will not
interact with the phase-imprinting sample, and which
significantly improves sensitivity – as we will see.
Such setups can even be used to perform tomo-
graphic bio-imaging [30]. Another major poten-
tial application of this technique is spectroscopy,
since samples may be probed in frequency do-
mains which are different from where detection
is performed [31, 32, 33, 34]. This has also been
done with frequency combs and induced coher-
ence [35, 36]. The Mandel-Type interferometer
has also been used to perform optical coherence
tomography [37] and microscopy [38]. An equiva-
lent device has also been implemented and stud-
ied in a microwave super-conducting cavity with
application to continuous-variable quantum com-
puting [39, 40]. It is possible that these systems
have the beneficial properties we present here as
well.
We study the injection of a coherent seed into
the Mandel-Type of device, allowing the sensitiv-
ity to be “boosted” into the bright super-sensitive
regime. Also, the current work represents the first
time this setup has been studied specifically for
metrology.
What we find is that the device does indeed
exhibit bright super-sensitivity. However, unlike
the case of the standard Yurke setup, the sec-
ond non-linearity does not need to be pumped as
strongly as the first. In fact, after a certain pump-
ing value, no further increase in sensitivity is ob-
tained when considering direct intensity measure-
ments. This will be of practical importance when
designing experiments. It is also the case that
intensity-subtraction may be used instead of di-
rect (total intensity) detection, or homodyne. In-
tensity subtraction being a much-more stable and
straightforward procedure. Furthermore these ef-
fects are present even when the seeded mode is
not the mode that passes through the phase,
meaning that bright light may be used to per-
form measurements on a sample (and also form
images) without having that bright light shine
through the sample. This has potential applica-
tion to light-sensitive systems which are of strong
interest in chemistry and biology. Additionally,
the interacting mode need not be in the same
frequency domain as the detecting mode, so the
sample may be interrogated with one frequency
and detection performed in another. Conversely
the undetected mode may be seeded, yielding the
same increase in sensitivity without exposing the
detectors to bright light.
In Section II we theoretically describe the de-
vice in question, in Section III we analyze the
phase sensitivity in a number of regimes, in Sec-
tion IV we compare this device to a several others
and comment on why the first-quantized descrip-
tion is inadequate, and in Section V we summa-
rize and conclude.
3
2 Theoretical Description
In 2014 Lemos et al. [27] showed that the Induced
Coherence experiment originally done by Zou et
al. [26] could be used to measure phase images
in an undetected beam.
Here, we extend the study of these systems
by “boosting” – seeding the non-linearities with
coherent light and calculating the minimum de-
tectable phase shift as a function of the available
parameters. Previous work has shown that boost-
ing nonlinear medias with coherent light in in-
terferometric setups can drastically increase the
phase sensitivity [8]. A diagram of the experi-
mental setup is shown in Figure 1, which can be
modeled by representing the output operators in
terms of the input operators under the transfor-
mations
S′1 =

µ1 0 0 −ν1
0 µ1 −ν∗1 0
0 −ν1 µ1 0
−ν∗1 0 0 µ1
 Φ′ =
[
ei φ 0
0 e−i φ
]
,
S2 =

µ2 0 0 0 0 −ν2
0 µ2 0 0 −ν∗2 0
0 0 1 0 0 0
0 0 0 1 0 0
0 −ν2 0 0 µ2 0
−ν∗2 0 0 0 0 µ2

,
Ain =

aˆin
aˆ†in
bˆin
bˆ†in
cˆin
cˆ†in

,BS′ = 1√
2

1 0 i 0
0 1 0 −i
i 0 1 0
0 −i 0 1
 .
And Φ = Φ′⊕ I4, S1 = S′1⊕ I2, BS = I2⊕BS′,
and the I’s are the identity matrices of the di-
mension indicated by the subscript, and also
µi = cosh ri, νi = eiψi sinh ri with ri representing
the squeezing parameter of the i-th non-linearity,
and ψi the phase. BS represents the beam split-
ter, S1 the first squeezer (non-linearity), S2 the
second, and Φ the phase to be probed. Ain is
a vector composed of all the operators on which
the transformation matrices act – the input oper-
ators. The final (output) operators can be found
by applying the transformation
Aout = BS · S2 ·Φ1 · S1 ·Ain. (1)
Then any detection operator at output can be
written in terms of input operators working on
the initial states, which we take to be coherent
states (eigenstates of the annihilation operator,
displaced vacuum which becomes vacuum in the
limit of zero displacement). The reason to prop-
agate the operators “backwards” rather than the
state “forwards” through the device is because in
this case state propagation is much more cum-
bersome even than what is employed here, and
furthermore, the action of the output operators
in terms of these output states would themselves
not have a simple form. It is much more efficient
to employ the analysis we use here.
The output detector we study in detail is mode
Db. It both mixes with another mode before de-
tection relative to the probe phase, and injection
of coherent light into this mode is optimal in most
cases. Due to the symmetric mixing action of the
beam splitter, detection at mode C will be simi-
lar, up to some relative phase.
3 Analysis of Phase Sensitivity
We want to find the minimum detectable phase
shift in the probe phase, φ , which is given by
∆φ2min =
∆Oˆ2
|∂φ〈Oˆ〉|2
, (2)
as found in Ref.[41], for example. Where Oˆ is
some general detection operator and the variance
squared is given by
∆Oˆ2 = 〈Oˆ2〉 − 〈Oˆ〉2. (3)
In order to perform such calculations we need
to find the first and second moments of the fi-
nal detection operators. These calculations are
straight-forward but extremely lengthy, therefore
we created a program in the symbolic calculation
software MathematicaTM to perform them, using
the NCAlgebra package [42].
The program (a simple, commented version is
available at request) proceeds by performing the
relevant transformations.
We will consider intensity detection at each
output: IˆA = aˆ†outaˆout, IˆB = bˆ
†
outbˆout, IˆC =
cˆ†outcˆout, as well as the difference (subtraction) in-
tensity operators defined as Sˆij = Iˆi − Iˆj , where
subscripts index the modes.
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Qualitatively, the calculation can be described
as follows: the first step is find the the output
operators in terms of the input operators. That
is, in the form aˆout = faˆ(aˆ, aˆ†, bˆ, bˆ†, cˆ, cˆ†), etc.,
where the operators in the parenthesis are the
creation/annihilation operators of those modes at
input. These are obtained by multiplication of
all of the matrices representing the action of the
device as in Eq.(1).
The moments of these operators, needed for the
calculation of the minimum phase shift, work on
the state at input, which for the case of coher-
ent input into mode b can be written as |0, β, 0〉.
These are then eigenstates of the operator mo-
ments and the action of these operators is there-
fore straightforward, i.e. aˆ|α〉 = α|α〉, with
aˆ|0〉 = 0 as a special case.
However what remains is to order the operators
such that all daggered operators are on the left
and all un-daggered operators are on the right.
Since each operator is in-principle a function of
six other operators, and since the second mo-
ments involve multiplying four such operators;
this stage of the calculation is highly non-trivial.
Thus the Mathematica program analytically per-
forms all the commutations using [aˆ, aˆ†] = 1 etc.,
acts them on the states, and then simplifies the
output equation as much as possible. We show an
example of one of these calculations in a Math-
ematica notebook in a separate supplementary
material.
Strictly speaking, in order to achieve maximum
sensitivity, there should be as much light seeding
each mode of the detector as possible. However,
it is more reasonable to consider a finite “light
budget”, so it’s most advantageous to inject into
mode B since it does not pass though the sample
and has as significant effect on sensitivity as mode
C. Mode A is much less effective and must pass
through the sample.
The other key parameters are the squeezing
values, and the sensitivity as a function of them
can behave in several different ways depending
on the values of the other parameters and which
detector is monitored. We will focus on the
case of greatest interest – when only mode B
is boosted with a coherent seed, and phases are
set to zero and intensity measurements are also
made in mode B. Figure 3 shows the minimum
detectable phase shift as a function of the two
squeezing parameters.
(a)
(b)
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Figure 3: The minimum detectable phase shift squared
as a function of each squeezing value for four values of
the coherent input to mode B and the other squeezing
set to one. In (a) βred = 1000, βblue = 1008, βbrown =
1016, and βpurple = 1024. In (b) βred = 1000, βblue =
1400, βbrown = 1800, and βpurple = 2200. All other
parameters set to zero.
There are a couple features worth noting.
Firstly, the squeezing in the first crystal has
an outsize influence on the minimum detectable
phase shift compared to the squeezing in the sec-
ond crystal. We conjecture that the second non-
linearity is only needed to induce the coherence
between the optical modes, further squeezing of
the vacuum does not aid in sensitivity since that
mode never again interacts (or becomes coherent
with) the measured modes, and likely merely ads
noise. The lack of importance of the second non-
linearity is a significant practical advantage for
experimental implementation as one only needs
to try and “push” the squeezing in the first non-
linearity.
Secondly, the dependence of ∆φ2min on r2 has
a U-shaped valley, with some optimal value of
the squeezing. This is a behavior totally un-
like the SU(1,1) interferometer – where an un-
balancing favoring higher gain is found [12, 13].
This is likely a significant practical advantage as
higher gains are more difficult to achieve, espe-
cially when exacting alignment of different opti-
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cal modes is required. However, it is fair to note
that the scheme in Refs.[12, 13] is very advanta-
geous in the case of loss, and we do not study loss
here.
Next we examine intensity-subtraction detec-
tion, written as Sˆij = Iˆi − Iˆj . This is a
commonly-used technique in interferometry as in-
tensity noise common to both beams is canceled,
and better fringe visibility is obtained. A down-
side of previous SU(1,1) interferometry schemes
is that “direct detection” (total intensity measure-
ment) is needed – or failing that homodyne detec-
tion. In our hybrid device we have the advanta-
geous detection setup of an SU(2) interferometer,
with the scaling likely competitive with SU(1,1).
Though the equations used to generate these
plots are very large, it is useful to present a simple
case, the minimum detectable phase-shift squared
for coherent light injection into mode B and in-
tensity difference subtraction between modes B
and C with the probe phase set to zero:
∆φ2min =
1
4(1 + β2)2
[
(1 + β2) coth2 r1
+ coth2 r2(β2 csch2 r1 + sech2 r1)
+(1 + β2)(tanh2 r1 − 2)
]
. (4)
Similar scaling (converging in most reasonable
limits) is the phase sensitivity for coherent light
injection into mode A, meaning that if the sam-
ple is robust and the detectors are sensitive, sub-
shot-noise-limit sensitivity at high brightness is
possible without shining bright light onto the de-
tectors. Note that for subtracted measurements
the “U-shape” of the sensitivity as a function of
r2 vanishes, as coth2(r2) → 1 as the gain gets
large. This is likely because the second crystal
produces correlated noise which is canceled out
by the subtraction. Also, in the high gain limit
the function further simplifies to e−2r/4(1 + β2).
4 Comparisons
In this section we wish to compare our setup
with both the “traditional” boosted SU(1,1) non-
linear interferometer, and the induced coher-
ence setup with spontaneous-parametric-down-
conversion seeds.
It is instructive to examine the log plots of
many different “fair comparison” setups. We take
our boosted Mandel-type setup (both intensity
detection in one mode and intensity difference),
the boosted Yurke-type setup, and a standard
coherent-light-seeded MZI with the extra light
needed to create the squeezing and compare their
phase sensitivity in a log plot in Figure 4.
Figure 4: The minimum detectable phase-shift squared
of several “fair comparison” interferometric setups and
detection schemes as a function of gain (of the first crys-
tal for Mandel-type and of both crystals for Yurke-type).
The boosted Mandel-type setup with intensity detec-
tion at mode B (green), intensity difference detection
between modes B and C (brown), the boosted Yurke-
type setup (black), and a standard coherent-light-seeded
MZI with the extra light needed to create the squeezing
(red). The later is equivalent to the shot-noise limit.
All other parameters are numerically optimized at each
point. Note that this is not quite a true fair comparison
as for the Yurke-type the gains of both nonlinearities are
set to the same value whereas in our scheme the gain
of the second crystal is set to its (usually much lower)
optimal value, giving the SU(1,1) an artificial advantage
in this plot. The circular points (upper set) represent
injected coherent light of about the same intensity as
would be needed for a high-gain nonlinearity, and the
square points (lower set) represent a much-brighter co-
herent input.
Though our setup does not win against the
boosted Yurke-type, this is not quite a true fair
comparison as for the Yurke-type the gains of
both nonlinearities are set to the same value
whereas in our scheme the gain of the second
crystal is set to its (usually much lower) optimal
value. We plan to investigate a “more fair” com-
parison in later work. The most important fea-
ture is that for all but very-low gains the boosted
Mandel-type reaches orders of magnitude below
the shot-noise (standard-quantum) limit. This
along with the other advantages present in the
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proposed device. It should be noted that at very
low gains the phase sensitivity quickly decays.
This is because at low gains the modes are only
weakly-mixed – and since interferometry is based
on mode-mixing, the power of the device in these
regimes is limited by necessity.
Next we examine a similar setup but instead
of general squeezing we take the “first quantized”
approach and propagate an initial spontaneous-
parametric-down-conversion (SPDC) state vector
through the device up until before the final beam
splitter (pre-beam-splitter), where it is
|ψp〉 = 1√
2 + |β|2
aˆ†p
(
eiφbˆ†p + cˆ†p
)
|0, β, 0〉 . (5)
Since displacement and beam-splitter opera-
tors work in different representations/pictures it
is necessary to then propagate detection opera-
tors back through the final beam splitter to work
on the state above, with the standard transfor-
mations bˆ†f → 1√2(bˆ†p − icˆ†p), etc.
The full expression for the minimum detectable
phase shift is large and so we do not report it here,
but in the limit of large |β| we find: ∆φ2min →
19/4. Thus, when taking the SPDC approxima-
tion the advantages of the induced-coherence in-
terferometer are obscured. Since most mathemat-
ical treatments of the device make this assump-
tion it is likely why the metrological power of this
setup has gone unnoticed.
5 Conclusion
To conclude, we have theoretically investigated
the induced-coherence interferometer when co-
herent seeds are added to all three input ports.
The arrangement we study in the most detail
is when the seed is injected into the initial arm
which does not pass through the phase-inducing
sample.
This scheme presents several practical advan-
tages, which – strikingly – are available simul-
taneously with a single setup: super-sensitivity
nearly on par with a boosted SU(1,1) interfer-
ometer, use of phase-stable intensity-subtraction
measurements instead of additive (direct detec-
tion) or homodyning, the ability to use differ-
ent frequencies for phase acquisition and detec-
tion (up into the infrared/terahertz regime), the
favoring of an imbalance in the gains with low
gain in the second crystal, and the power to boost
the sensitivity with a bright coherent seed which
does not interact with the sample to be studied.
This last feature should in fact also be available
to the boosted SU(1,1) setups – however to the
best of our knowledge this fact has never been
pointed out or pursued theoretically or experi-
mentally. Furthermore, the same sensitivity scal-
ing is observed when the mode with the phase
is seeded with coherent light, even though this
light does not reach the detectors. This last ef-
fect is not possible with other non-linear interfer-
ometers, and as far as we know is unique to the
system we study here.
We conjecture that this scheme will be
highly-advantageous in many real-world physical
systems, especially those where high-quality
phase estimation is desired for samples/detectors
which are sensitive to bright lights (vulnerable to
bleaching) and/or are interesting at wavelengths
where good optical elements do not exist or are
prohibitively expensive.
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